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Abstract

The Aggregate Perceived Risk (APR) framework provides a unified asset-pricing

architecture that reconciles neoclassical valuation, behavioral dynamics, and market

microstructure within a single non-linear equation (Pt = Vt/(APRt)
k). By endoge-

nizing volatility clustering, regime shifts, and heavy tails, the model bridges orderly

equilibria and tail-risk dislocations without exogenous shocks.

APR delivers five core results: (1) a unified non-linear operator with state-dependent

fundamental transmission; (2) a derivative-based alpha protocol identifying non-linear

inflection points; (3) proof that endogenous jumps stem from denominator-exponent

perception dynamics; (4) a resolution to the Parameter Paradox, where structural

tightening becomes expansionary (∂Pt/∂k > 0) in hyper-complacent regimes; and (5)

a microstructural mechanism for continuous-time bubbles and crashes. Ultimately,

APR establishes a unified mathematical foundation for price formation across normal

and crisis regimes.

1 Introduction

Linear asset-pricing models fail to generate endogenous jumps, clustered volatility, and per-

sistent cross-sectional patterns, treating them instead as external anomalies. Classical ap-

proaches rely on additive, Gaussian structures where risk appears solely as a covariance

premium on expected cash flows, assuming constant price elasticity and omitting mecha-

nisms through which perception or institutional frictions magnify shocks. While behavioral

finance documents systematic departures from rational expectations, it typically adds sen-

timent or heuristic factors as auxiliary shocks to preserve an additive baseline. Similarly,
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market-microstructure research highlights how liquidity constraints, balance-sheet limits,

and belief dispersion shape price formation, but these frictions generally remain outside the

core valuation equation.

This paper introduces the Aggregate Perceived Risk (APR) framework, a non-linear

valuation operator that endogenizes these behavioral and institutional forces. The model

replaces the classical additive baseline P = V + ε with a multiplicative structure:

Pt =
Vt

(APRt)k
(1)

In this formulation, Vt represents a fundamental utility anchor, APRt captures the collec-

tive risk perception of active market participants, and k aggregates structural institutional

constraints such as market liquidity limits, capital concentration, and dealer balance-sheet

capacity. This architecture generates asymmetric price responses, endogenous regime shifts,

and heavy-tailed return distributions without relying on exogenous shocks.

The APR operator yields several theoretical results. First, it produces regime-dependent

curvature in the transmission of fundamentals to prices, with linearity emerging only as a spe-

cial case. Second, it formalizes a parameter sign inversion: when perceived risk is extremely

low (0 < APRt < 1), tightening structural constraints k raises prices rather than compressing

them. Third, the model identifies a velocity mismatch channel through which rapid shifts in

perception dominate slow-moving fundamentals, generating continuous-time crash cascades.

These results provide a unified explanation for anomalies traditionally treated as unrelated,

including momentum, liquidity dry-ups, and convex melt-ups.

1.1 Contributions

• Unified Non-Linear Operator: Replaces classical additive pricing by embedding

fundamentals, perception, and institutional frictions into a single non-linear equation.

• Alpha Generation Mechanics: Utilizes derivatives of the pricing function to isolate

boundaries of perceptual exhaustion, identifying non-linear inflection points where the

velocity of the Perception Gap eliminates traditional contrarian timing risks.

• Endogenous Discontinuities: Generates heavy-tailed distributions and structural

discontinuities through the interaction of the perception denominator and the struc-

tural exponent, independent of exogenous shocks or segmented models.

• Resolution of the Parameter Paradox: Demonstrates that structural tightening

can be expansionary in hyper-complacent markets due to a formal sign inversion in

∂Pt/∂k.
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• Microstructure of Bubbles and Crashes: Formalizes a transmission mechanism

for bubbles and crashes, showing how rapid shifts in aggregate perception generate

velocity mismatches that overwhelm fundamental anchors.

2 Theoretical Foundations and the APR Framework

Neoclassical asset pricing assumes frictionless markets, rational expectations, and continu-

ous market clearing via linear formulations that equate prices to discounted expected cash

flows. This additive framework relies on continuous diffusion processes that fail to generate

time-varying volatility or heavy-tailed returns. While behavioral finance identifies persistent

anomalies, it lacks a unified structural equation, appending psychological states as localized

error terms rather than modeling market reflexivity. Conversely, market clearing actually

depends on intermediate institutions and transaction frictions, where large liquidations ex-

haust market-maker capital and cause liquidity to vanish exponentially. Intermediary-driven

macro-finance shows that binding equity constraints cause risk premia to spike non-linearly,

while markets remain highly susceptible to narrative contagion and psychological oscillations.

The Aggregate Perceived Risk (APR) framework resolves these systemic limitations by

modeling price as a direct, non-linear function of fundamental utility, aggregate risk per-

ceptions, and structural constraints, demonstrating how minor shifts in investor confidence

endogenously trigger massive, asymmetric price adjustments and discontinuous liquidity cas-

cades without requiring a proliferation of exogenous shocks (Campbell & Hentschel, 1992;

Cochrane, 2011).

3 The APR Pricing Architecture

The Aggregate Perceived Risk (APR) framework formalizes pricing via a non-linear geomet-

ric architecture represented by the pricing triangle:

Pt =
Vt

(APRt)k
(1)

Here, Vt denotes the independent fundamental utility anchor, APRt captures the capital-

weighted aggregate risk perception denominator, and k represents structural market con-

straints that exponentially scale perception to endogenously generate heavy tails and regime

shifts.
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Figure 1: The Pricing Triangle Architecture

3.1 Component I: Asset’s Fundamental Utility Vt

The fundamental anchor Vt (Vt > 0) serves as an independent, non-perceptual reference point

estimated strictly from accounting data, utility streams, or liquidation values to prevent

econometric endogeneity. While market prices fluctuate continuously, Vt changes only when

public data alters the asset’s core utility. Furthermore, public information is treated as a

non-self-executing input whose price transmission is mediated by institutional constraints

and intermediary risk appetite.

3.2 Component II: Aggregate Perceived Risk APRt

The Aggregate Perceived Risk (APRt) metric formalizes collective market psychology as a

capital-weighted structural oscillator serving as the valuation architecture’s primary denom-

inator. Rather than measuring historical price covariance, APRt captures subjective filters

translating real-time information flows into behavioral states. Individual risk perception

evolves dynamically via path-dependent behavioral departures from rational expectations

(Daniel et al., 1998; Kahneman & Tversky, 1979):

ϕi,t = f (ϕi,t−1, Ii,t) (2)

where ϕi,t−1 denotes prior perceptual state and Ii,t represents incoming information sig-

nals (Hong & Stein, 1999). Information sensitivity scales directly with asset concentration:

under-diversified portfolios generate Perceptual Fragility, inducing agents to overweight neg-

ative stimuli (Barberis et al., 2001), whereas diversification functions as a cognitive buffer

(Perceptual Stability) (Kacperczyk et al., 2016).
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Synthesizing individual perceptions hierarchically by financial capacity rather than un-

weighted counts (Kyle, 1985), the collective metric is defined as:

APRt =

∑n
i=1 (Ci,t · ϕi,t)∑n

i=1Ci,t

(3)

where Ci,t represents capital commanded by participant i at time t.

The active participant pool, n—defined not merely as a count of current holders, but as

the total set of potential participants who possess the necessary capital Ci, functional access

to the marketplace, and a psychological willingness to act—determines the mathematical

inertia of APRt (Merton, 1987). In large-n regimes, the Law of Large Numbers converges

idiosyncratic perceptions into a stable population mean, solidifying shared sentiment into

a low-volatility consensus rather than purging collective bias (Shiller, 2015). Conversely,

in small-n regimes, the absence of statistical anchoring renders the denominator brittle,

causing sentiment shifts to yield volatile leaps in APRt and discontinuous price expansions

independent of fundamental utility Vt (Allen & Gale, 2000; Pedersen, 2022).

Operating as a dynamic behavioral oscillator, APRt achieves neutral equilibrium at

APRt = 1, yielding unscaled valuations (Pt = Vt). Compression toward 0 < APRt < 1

expands prices exponentially above fundamental anchors, while systemic panic accelerates

APRt > 1, compressing asset prices non-linearly.

Driven by network interconnections, institutional mechanisms, and concentrated wealth,

non-linear narrative contagion overrides asset-specific fundamentals and amplifies psycho-

logical synchronization, allowing minor localized shocks to instantly cascade into systemic

cross-market panics (Allen & Gale, 2000; Flynn & Sastry, 2024; Taleb, 2018).

3.3 Component III: The Structural Exponent (k)

Following classical microstructure foundations (Amihud, 2002; Kyle, 1985), execution liq-

uidity is an endogenous by-product of belief heterogeneity (Milgrom & Stokey, 1982). When

opinion collapses and the trading crowd becomes one-sided, intermediary balance sheet ca-

pacity exhausts (Brunnermeier & Pedersen, 2009), exposing the “illusion of liquidity” (Allen

et al., 2006; Task Force on Market Mechanisms, 1988). Without opposing counterparties,

prices transition mechanically to standing limit orders via order-book physics rather than

fundamentals (Cont et al., 2014; Parlour, 1998).

The market constraint exponent, k ≥ 1, formalizes this institutional environment, aggre-

gating dealer capital constraints, margin requirements, and market narrowness (Gabaix &

Koijen, 2021) into a structural transmission elasticity. When liquidity is ample, k = 1. As

funding contracts or concentration rises, k > 1, exponentially amplifying revisions in risk
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perception (APRt) through the pricing denominator.

Because market liquidity is bounded by belief heterogeneity rather than central bank

reserves, excess monetary injections act as speculative fuel when institutional constraints

bind (k > 1). Consequently, through the Parameter Paradox (∂Pt/∂k > 0), tightening

structural frictions paradoxically accelerates explosive, non-linear asset price bubbles rather

than dampening valuations.

3.4 Parametric Market Regimes Under the APR Framework

The interaction between capital-weighted aggregate risk perception (APRt) and the struc-

tural market constraint exponent (k) yields six distinct operational states that govern the

transmission velocity and curvature between fundamental utility (Vt) and market clearing

price, Pt (Eq. 1).

• Regime 1: Classical Baseline (APRt = 1, k = 1). A neutral, frictionless state

yielding symmetric, 1:1 linear fundamental transmission (Pt = Vt) equivalent to the

Efficient Market Hypothesis.

• Regime 2: Latent Friction (APRt = 1, k > 1). A neutral but structurally bind-

ing state where (Pt = Vt), masking a hidden fragility that snaps violently upon any

sentiment shift.

• Regime 3: Bounded Complacency (0 < APRt < 1, k = 1). A low-fear, friction-

less state resulting in bounded non-linear scaling and an orderly asset price expansion

above baseline (Pt > Vt).

• Regime 4: Bounded Distress (APRt > 1, k = 1). A high-fear, frictionless state

characterized by orderly, inverse-proportional asset price compression below baseline

(Pt < Vt).

• Regime 5: Premium Paradox (0 < APRt < 1, k > 1). An extreme optimism,

structurally binding state generating heavy-tailed anomalies, convex upward detach-

ment (Pt ≫ Vt), and order-book melt-ups (∂Pt/∂k > 0).

• Regime 6: Market Liquidity Collapse (APRt > 1, k > 1). An extreme panic,

binding state driving exponential, concave downside liquidations across empty bid

queues (∂Pt/∂k < 0).
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3.5 The Perception Gap as a Measurable Distance

The APR framework defines the perception gap as the distance between market price and

fundamental anchor (Pt−Vt), intentionally omitting static empirical proxies to prevent alpha

decay via competitive arbitrage (McLean & Pontiff, 2016). Because realizable market value

fluctuates with capital-weighted risk appetite (Shleifer & Vishny, 1997), the architecture

requires regime-dependent, proprietary indicators to isolate collective sentiment (Kyle, 1985).

As market participants eventually price out these signals (Berk & Green, 2004), dynamic

execution necessitates a continuous search for novel metrics, preserving compatibility with

equilibrium asset pricing (Gârleanu & Pedersen, 2011).

4 Mathematical Implications of the APR Framework

The pricing architecture generates non-linear trajectories and endogenous returns cascades

via institutional constraints modeled as a geometric exponent k over the perceptual denom-

inator APRt > 0.

4.1 Price Sensitivity to the Fundamental Anchor Vt

Differentiating the pricing function with respect to Vt yields:

∂Pt

∂Vt

=
1

(APRt)
k
> 0 (4)

The transmission of fundamental value is strictly positive and linear relative to Vt, scaled

conditionally by the market regime:

• Compression Regimes (APRt < 1): The multiplier exceeds unity, amplifying the

nominal impact of fundamental updates on price.

• Distressed Regimes (APRt > 1): The multiplier drops below 1, structurally muting

fundamental updates as the expanding denominator absorbs valuation adjustments.

4.2 Price Sensitivity to Aggregate Perceived Risk APRt

Differentiating with respect to APRt yields:

∂Pt

∂APRt

= −k · Vt · (APRt)
−(k+1) < 0 (5)
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The negative sign confirms that rising perceived risk compresses price. Because APRt

resides in the denominator, sensitivity exhibits severe asymmetry:

• Compression Regime (0 < APRt < 1): As risk perception compresses toward zero,

sensitivity diverges asymptotically:

lim
APRt→0+

∣∣∣∣ ∂Pt

∂APRt

∣∣∣∣ = ∞ (6)

Complacency states exhibit hyper-sensitivity, where minor sentiment shifts trigger cas-

cading price expansions.

• Expansion Regime (APRt > 1): As risk expands, marginal sensitivity asymptoti-

cally approaches zero:

lim
APRt→∞

∣∣∣∣ ∂Pt

∂APRt

∣∣∣∣ = 0 (7)

yielding diminishing marginal impacts on price compression during severe panic.

4.3 Price Sensitivity to the Structural Exponent (k)

Logarithmic differentiation with respect to k yields:

∂Pt

∂k
= −Vt ·

ln(APRt)

APRk
t

(8)

The transmission of structural friction is strictly regime-dependent:

• Premium States (APRt < 1): Since ln(APRt) < 0, the derivative is strictly positive

(∂Pt

∂k
> 0). Tighter institutional constraints during collective over-optimism force an

upward price expansion, detaching valuations from Vt.

• Discount States (APRt > 1): Since ln(APRt) > 0, the derivative is strictly negative

(∂Pt

∂k
< 0). Friction acts as a deflationary force, accelerating price collapse.

• Neutral Baseline (APRt = 1): At equilibrium, ln(1) = 0, neutralizing the structural

exponent (∂Pt

∂k
= 0).
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5 Micro-Foundations of Capital-Weighted Risk Aggre-

gation

Let aggregate perceived risk APRt be the capital-weighted average of heterogeneous risk

perceptions ϕi,t across n discrete market participants with capital Ci,t:

APRt =

∑n
i=1(Ci,t · ϕi,t)∑n

i=1Ci,t

(3)

Substituting into the primary pricing relation Pt = Vt · (APRt)
−k yields:

Pt = Vt ·
(∑n

i=1(Ci,t · ϕi,t)∑n
i=1 Ci,t

)−k

(9)

5.1 Price Sensitivity to Individual Perceived Risk (ϕi,t)

Differentiating Pt with respect to ϕi,t:

∂Pt

∂ϕi,t

= −k · Vt ·

(∑n
j=1(Cj,t · ϕj,t)∑n

j=1Cj,t

)−k−1

·

(
Ci,t∑n
j=1Cj,t

)
(10)

Simplifying via aggregate state variables:

∂Pt

∂ϕi,t

= −k ·

(
Ci,t∑n
j=1Cj,t

)
· Pt

APRt

< 0 (11)

Implications: Transmission of agent-level risk to clearing prices is scaled by relative capital

share
Ci,t∑
Cj,t

. In high-constraint regimes (k > 1) or hyper-extended premium states (APRt →
0+), price sensitivity to systemic institutions increases non-linearly.

5.2 Price Sensitivity to Individual Capital Allocations (Ci,t)

Differentiating Pt with respect to Ci,t:

∂Pt

∂Ci,t

= −k · Vt ·

(∑n
j=1(Cj,t · ϕj,t)∑n

j=1Cj,t

)−k−1

·

ϕi,t

∑n
j=1Cj,t −

∑n
j=1(Cj,t · ϕj,t)(∑n

j=1Cj,t

)2
 (12)

9



In terms of baseline deviation:

∂Pt

∂Ci,t

= −k ·

(
ϕi,t − APRt∑n

j=1Cj,t

)
· Pt

APRt

(13)

Where the directional sign depends on relative agent risk:

∂Pt

∂Ci,t

< 0 if ϕi,t > APRt (Agent is more risk-averse than market consensus)

> 0 if ϕi,t < APRt (Agent is more complacent than market consensus)
(14)

Implications: Capital expansions by risk-averse outliers (ϕi,t > APRt) expand APRt

and depress prices, whereas capital shifts to hyper-complacent agents (ϕi,t < APRt) compress

aggregate perceived risk and drive non-fundamental price expansion.

5.3 Price Sensitivity to Market Participant Density (n)

Treating n as continuous and differentiating Pt via the continuous aggregation operator:

∂Pt

∂n
= −k · Vt ·

(∑n
i=1(Ci,t · ϕi,t)∑n

i=1Ci,t

)−k−1

· ∂

∂n

(∑n
i=1(Ci,t · ϕi,t)∑n

i=1 Ci,t

)
(15)

Applying the fundamental theorem of calculus to the aggregation boundary gives:

∂Pt

∂n
= −k ·

[
Cn,t(ϕn,t − APRt)∑n

i=1Ci,t

]
· Pt

APRt

(16)

Implications: The price elasticity of entry depends on the n-th participant’s idiosyncratic

profile. Entry by agents with ϕn,t > APRt compresses prices by diluting incumbent capital

weights; entry by complacent cohorts inflates valuations.

6 Path-Dependent Individual Perception Dynamics

Agents process information through cognitive filters shaped by memory, prior experience,

and bias. Let individual perceived risk evolve recursively according to the prior perceptual

state ϕi,t−1 and an informational alignment signal Ii,t ∈ R:

ϕi,t = f(ϕi,t−1, Ii,t), (2)

where Ii,t > 0 denotes perception-confirming information and Ii,t < 0 denotes contrary

information. We specify the update rule using the structural market constraint exponent

10



k ≥ 1:

ϕi,t = ϕi,t−1 + (ϕi,t−1 − 1)kIi,t. (17)

6.1 Sensitivity to Lagged Perception

Differentiating with respect to the prior perceptual state yields:

∂ϕi,t

∂ϕi,t−1

= 1 + k(ϕi,t−1 − 1)k−1Ii,t. (18)

The sign of this derivative depends jointly on the informational flow, the memory expo-

nent, and the distance from neutrality. When k > 1, the term k(ϕi,t−1 − 1)k−1 magnifies the

influence of past perception, generating structural persistence and hysteresis.

6.2 Sensitivity to Information Flows

Differentiating with respect to the alignment signal:

∂ϕi,t

∂Ii,t
= (ϕi,t−1 − 1)k. (19)

Information is transmitted into perceived risk through a state-dependent multiplier.

Complacent agents (ϕi,t−1 < 1) discount contrary warnings, while distressed agents (ϕi,t−1 >

1) strongly amplify confirming negative signals. Because the multiplier shrinks near ϕ = 1,

reversing an established perceptual state requires disproportionately large contrary signals,

generating path-dependent hysteresis.

6.3 Sensitivity to the Structural Constraint Exponent

Differentiating the individual perception update rule with respect to the structural market

constraint exponent k yields:

∂ϕi,t

∂k
= (ϕi,t−1 − 1)k ln |ϕi,t−1 − 1| Ii,t. (20)

This expression is well-defined when the state-dependent interaction term is evaluated as

|ϕi,t−1 − 1|k. The directional impact of institutional constraints on belief updating depends

on three factors: the distance of past perception from baseline neutrality (|ϕi,t−1 − 1|), the
sign of ln |ϕi,t−1 − 1|, and the orientation of the incoming information flow (Ii,t):
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• Distress Amplification (|ϕi,t−1 − 1| > 1, Ii,t > 0): In elevated risk states, tighter

structural constraints (k ↑) magnify the weight assigned to perception-confirming neg-

ative signals, exacerbating panic dynamics (Brunnermeier & Pedersen, 2009; Kyle,

1985).

• Distress Relief (|ϕi,t−1 − 1| > 1, Ii,t < 0): When individual risk perception is high,

binding structural limits increase sensitivity to contrary, stabilizing information, aiding

recovery (Gârleanu & Pedersen, 2011; Hong & Stein, 1999).

• Regulatory Complacency Paradox (|ϕi,t−1 − 1| < 1, Ii,t > 0): In complacent

regimes, ln |ϕi,t−1 − 1| < 0. Tightening institutional constraints counterintuitively

suppresses perceived risk under optimistic signals, fueling further market detachment

(Barberis et al., 2001; Gabaix & Koijen, 2021).

• Complacent Awakening (|ϕi,t−1− 1| < 1, Ii,t < 0): During periods of low perceived

risk, higher institutional friction amplifies the impact of contrary warnings, accelerating

the transition out of complacency (Daniel et al., 1998; Pedersen, 2022).

7 The Velocity Mismatch Protocol and Perception Gap

Alpha

We define the Perception Gap (Ωt) as the logarithmic divergence between the market price

(Pt) and its fundamental value (Vt):

Ωt = ln

(
Pt

Vt

)
= −k ln(APRt) (21)

Its total time derivative is governed by the velocity of collective risk perception:

dΩt

dt
= −k

(
1

APRt

)
dAPRt

dt
(22)

Market microstructures exhibit a velocity mismatch: fundamental utility Vt changes

slowly due to operational latencies
(∣∣∣d ln(Vt)

dt

∣∣∣ ≈ 0
)
, whereas collective risk sentiment (APRt)

functions as a high-frequency decimal oscillator
(∣∣∣d ln(APRt)

dt

∣∣∣≫ ∣∣∣d ln(Vt)
dt

∣∣∣). This divergence

drives dynamic non-linear trajectories across two operational phases:

• Gap Expansion Phase
(
dΩt

dt
> 0
)
: Behavioral velocity shocks decouple price from

intrinsic value. Complacency
(
dAPRt

dt
< 0
)
drives a positive expansion (Ωt > 0), while

panic
(
dAPRt

dt
> 0
)
drives a negative contraction (Ωt < 0).
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• Alpha Convergence Window
(
dΩt

dt
< 0
)
: As transient shocks subside, APRt mean-

reverts to baseline, forcing Ωt → 0 as structural distortions decay.

8 Systemic Phase Transitions and Structural Stability

Limits

The structural fragility of premium regimes (Ωt > 0) is governed by the sign inversion ∂Pt

∂k
>

0, where execution constraints paradoxically accelerate price detachment. This asymmetry

stems from nominal boundaries:

• Downside Compression Floor (APRt > 1): Downward adjustment room is finite;

as prices approach their absolute zero bound, expanding perceived risk drives the

perception gap to its asymptotic lower limit (limAPRt→∞Ωt = −∞).

• Upside Asymptotic Ceiling (APRt → 0+): Because nominal prices are unbounded,

vanishing risk perception drives an infinite divergence of the perception gap (limAPRt→0+ Ωt =

∞). This produces an explosive sensitivity shock, rendering hyper-extended states

acutely fragile.

Systemic stability limits breach when these fractional risk perceptions intersect with bind-

ing constraints (k > 1). The slightest mean-reversion—whether an uptick in risk perception

during a premium regime (∆APRt > 0) or a recovery in sentiment during a distressed regime

(∆APRt < 0)—triggers an instantaneous, non-linear convergence.

9 Empirical Proofs and Microstructural Mechanics of

the Aggregate Perceived Risk (APR) Framework

This section presents the empirical validation and mathematical micro-foundations of the

Aggregate Perceived Risk (APR) framework. Using historical market dislocations—including

Black Monday (1987), the 2010 Flash Crash, the GameStop short squeeze (2021), the Dot-

Com bubble (1995–2003), and the COVID-19 Repo Crisis (2020)—we demonstrate that the

non-linear pricing operator (Eq. 1) systematically resolves empirical anomalies that classical

additive models fail to explain.
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9.1 Non-Linear Pricing Curvature

Empirical Proof: Classical additive asset pricing models (Pt = Vt + ϵt) assume a con-

stant, linear price-to-fundamental transmission. The APR framework replaces this with

a multiplicative, power-law structure where price sensitivity to fundamentals (Vt) depends

non-linearly on the perceptual denominator (APRt) and the institutional constraint exponent

(k):

∂Pt

∂Vt

=
1

(APRt)k
> 0 for all APRt > 0, k ≥ 1 (4)

• Compression Regimes (0 < APRt < 1): The fundamental multiplier exceeds unity

(1/(APRt)
k > 1), creating extreme convex amplification of updates to fundamental

utility Vt. In the limit as risk perception compresses toward zero, sensitivity diverges

asymptotically:

lim
APRt→0+

∂Pt

∂Vt

= ∞ (23)

Empirical Validation: During the 1995–2000 Dot-Com expansion, APRt compressed

into the fractional range (0 < APRt < 1) (O’Quinn, 2003). As a result, minor updates

to corporate unmonetized metrics (e.g., website clicks, traffic volume, or headcount)

produced non-linear, parabolic price surges in technology listings (Ofek & Richardson,

2003) while underlying asset cores remained static (dVt/dt ≈ 0) (Doms, 2004).

• Distressed Regimes (APRt > 1): The multiplier drops below unity (1/APRt)
k <

1), creating concave damping where expanding perceived risk absorbs valuation up-

dates.

Empirical Validation: During the October 19, 1987 Market Break (Black Monday),

extreme institutional selling and microstructural fragmentation drove APRt well above

unity into a distressed regime (APRt > 1) (Roll, 1988; Shiller, 1989; Task Force on

Market Mechanisms, 1988). As risk perception expanded exponentially (dAPRt/dt >

0), the structural multiplier dropped below unity (1/(APRt)
k < 1), heavily dampening

the transmission of underlying macroeconomic utility (Vt) (Bikhchandani et al., 1992;

Shiller, 1989). Consequently, positive or invariant updates to economic fundamentals

(dVt/dt ≈ 0) were completely absorbed by the expanding perceptual denominator,

causing execution prices to detach from intrinsic anchors and drop rapidly across a

depleted limit order book until reaching asymptotic floor dynamics (Aı̈t-Sahalia &

Jacod, 2012; Bandi & Renò, 2016; Bates, 1991).
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9.2 Capital-Weighted Perception Aggregation

Empirical Proof: Unweighted sentiment metrics treat market participants equally, failing

to capture how financial capacity concentrates risk. The micro-foundations of the APRmodel

demonstrate that individual risk perceptions (ϕi,t) are aggregated hierarchically according

to commanded capital (Ci,t):

APRt =

∑n
i=1(Ci,t · ϕi,t)∑n

i=1Ci,t

(3)

Differentiating clearing price Pt with respect to individual risk perception ϕi,t shows that

price impact is directly scaled by the agent’s capital share:

∂Pt

∂ϕi,t

= −k ·

(
Ci,t∑n
j=1Cj,t

)
· Pt

APRt

< 0 (11)

Empirical Validation: Prior to the March 2000 Dot-Com peak, institutional venture

capital allocations expanded by 444% (from $18 billion in 1998 to $98 billion in 2000) (Doms,

2004), while telecom sector debt reached $800 billion in bank loans and $450 billion in public

bonds (O’Quinn, 2003). The capital-weighted aggregation operator demonstrates how this

massive shift of capital toward growth-oriented, complacent mandates forced APRt → 0+,

overwhelming unweighted individual sentiment counts and driving systemic market detach-

ment.

9.3 Regime-Dependent Sensitivity and Asymmetry

Empirical Proof: Differentiating the pricing function with respect to aggregate perceived

risk (APRt) yields severe regime-dependent sensitivity and structural asymmetry:

∂Pt

∂APRt

= −k · Vt · (APRt)
−(k+1) < 0 (5)

Sensitivity Profiles Across Perceptual Regimes

• Hyper-Sensitized Complacency Zone (0 < APRt < 1): Price sensitivity becomes

unbounded in magnitude (∂Pt/∂APRt ≪ 0). Minor upward shifts in perceived risk

trigger extreme, non-linear downward price reactions.

• Baseline Clearing Point (APRt = 1): Linear fundamental response point.

• Expansion Panic Zone (APRt > 1): Price sensitivity ∂Pt/∂APRt → 0. Price

compression decelerates along an asymptotic floor as panic expands.
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• Complacency Zone (0 < APRt < 1): As risk perception compresses toward zero,

the magnitude of price sensitivity diverges asymptotically to infinity:

lim
APRt→0+

∣∣∣∣ ∂Pt

∂APRt

∣∣∣∣ = ∞ (6)

Minor shifts in collective mood during hyper-complacent periods trigger asymmetric,

catastrophic price movements.

• Distress Zone (APRt > 1): As perceived risk expands during systemic panic,

marginal sensitivity asymptotically approaches zero:

lim
APRt→∞

∣∣∣∣ ∂Pt

∂APRt

∣∣∣∣ = lim
APRt→∞

∣∣− k · Vt · (APRt)
−(k+1)

∣∣ = 0 (7)

Empirical Validation: On October 19, 1987 (Black Monday), the Dow Jones col-

lapsed 22.61% (Task Force on Market Mechanisms, 1988; U.S. Securities and Ex-

change Commission, 1987). As APRt → ∞, the negative exponent −(k+1) dampened

marginal price compression, forcing execution prices to decelerate and stabilize along a

non-linear downside floor as the sensitivity curve approached its lower nominal bound

(Aı̈t-Sahalia & Jacod, 2012; Bandi & Renò, 2016; Bates, 1991).

9.4 Parameter Paradox (∂Pt/∂k > 0 when APRt < 1)

Empirical Proof: Logarithmic differentiation of the pricing function with respect to the

structural market constraint exponent k isolates a formal parameter sign inversion:

∂Pt

∂k
= −Vt ·

ln(APRt)

(APRt)k
(8)

Because ln(APRt) < 0 when 0 < APRt < 1, the negative signs cancel, yielding a strictly

positive derivative ( ∂Pt/∂k > 0 for 0 < APRt < 1).
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Table 1: Parametric Regimes and Structural Derivatives under Aggregate Perceived Risk

Perceptual
Regime

Condition Derivative
(
∂Pt
∂k

)
Financial Mechanism

Complacency
Regime

0 < APRt < 1 ∂Pt
∂k > 0 Constraint tightening acts coun-

terintuitively as an expansion-
ary catalyst.

Frictionless
Baseline

APRt = 1 ∂Pt
∂k = 0 Market constraints have zero net

valuation leverage.

Panic Regime APRt > 1 ∂Pt
∂k < 0 Constraint tightening acts as a

deflationary accelerator.

Empirical Validation:

• GameStop (January 2021): GME operated in an unanchored premium state (0 <

APRt < 1, ln(APRt) < 0). As market-maker short inventory was exhausted and

capital clearing constraints bound (k > 1), tightening institutional constraints acted

counterintuitively as an expansionary catalyst, accelerating GME’s non-linear price

surge to an intraday peak of $483.00 (U.S. Securities and Exchange Commission,

2021).

• May 6, 2010 Flash Crash: Premium assets such as Sotheby’s (BID) operated in a

state where 0 < APRt < 1. When the microstructural k-shock occurred (dk/dt > 0),

the sign inversion in ∂Pt/∂k drove matching engines into execution loops, paradoxically

melting BID’s clearing price upward to a six-figure peak of $100,000 (U.S. Commodity

Futures Trading Commission & U.S. Securities and Exchange Commission, 2010).

9.5 Endogenous Jumps and Heavy Tails

Empirical Proof: The APR framework generates discontinuities and heavy-tailed return

distributions through the dynamic interaction of the denominator APRt and exponent k,

completely independent of exogenous shocks (dVt/dt ≈ 0).

Empirical Validation:

• 2010 Flash Crash: During the 36-minute disruption on May 6, 2010, macro fun-

damental anchors remained invariant (dVt/dt = 0) and collective risk perception was

locked (dAPRt/dt = 0). The crash was driven entirely by an isolated structural k-shock

where buy-side depth in the E-mini S&P 500 evaporated from its morning average of

100,000 contracts to $58 million by 2:45:28 p.m. (less than 1% of baseline) (U.S. Com-

modity Futures Trading Commission & U.S. Securities and Exchange Commission,
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2010). This generated discontinuous price leaps across empty limit order bands based

strictly on order-book physics (Borch, 2016; Shi et al., 2022).

• Temporal Reset: When the CME Stop Logic algorithm triggered a 5-second trading

pause at 2:45:28 p.m., the structural constraint was clamped (dk/dt < 0, k → 1) (U.S.

Commodity Futures Trading Commission & U.S. Securities and Exchange Commis-

sion, 2010). Prices instantly re-anchored to fundamental baseline (Vt) without external

interventions:

lim
t→τ

|Ωt| = lim
t→τ

| − k · ln(APRt)| = 0 (24)

9.6 Velocity Mismatch (
∣∣d lnAPRt

dt

∣∣ ≫ ∣∣d lnVt

dt

∣∣ )
Empirical Proof: Fundamental utility (Vt) adjusts with strict physical and accounting

latency (dVt/dt ≈ 0), whereas collective risk sentiment (APRt) functions as a high-frequency

oscillator. The log-linearized perception gap is defined as:

Ωt = ln

(
Pt

Vt

)
= −k · ln(APRt) (21)

Differentiating Ωt with respect to time isolates the continuous-time velocity mismatch

protocol:
dΩt

dt
= − k

APRt

·
(
dAPRt

dt

)
(22)

Table 2: Market Dynamics and Historical Evidence Across Perception Gap Phases

Phase Mathematical
Condition

Market Dynamics Historical Case Study Evi-
dence

Gap Expan-
sion Phase

dΩt/dt >
0 or dΩt/dt < 0

Behavioral velocity
shocks decouple price
from fundamental anchor
Vt.

Black Monday (1987):
Futures contract hit a 40-pt
discount as risk perception
velocity (dAPRt/dt > 0) blew
open a negative perception gap
(dΩt/dt < 0).

Alpha Con-
vergence
Window

Ωt · (dΩt/dt) < 0 APRt mean-reverts to
baseline (APRt → 1),
forcing structural distor-
tions to decay.

March 2020 Repo Shock:
Fed liquidity facility backstops
compressed APRt → 1, collaps-
ing Ωt → 0 and restoring order
book depth.
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9.7 Perception Gap Dynamics

Empirical Proof: The Perception Gap captures continuous price divergence from intrinsic

utility anchors through a three-phase lifecycle:

Three-Phase Structural Lifecycle of Ωt

• Phase I: Expansion Phase: Continuous-time operational velocity mismatches

rapidly decouple clearing prices from fundamentals.

– Upside Expansion (Bubble): Complacency (0 < APRt < 1, dAPRt/dt < 0)

drives positive gap velocity (dΩt/dt > 0), expanding a positive gap (Ωt > 0, Pt ≫
Vt).

– Downside Expansion (Crash): Distress (APRt > 1, dAPRt/dt > 0) drives

negative gap velocity (dΩt/dt < 0), blowing open a negative gap (Ωt < 0, Pt ≪ Vt)

across empty limit order queues.

• Phase II: Perceptual Exhaustion (Boundary Inflection Point): Near structural

limits, gap velocity stalls (dΩt/dt → 0). Upside buyer capital saturates as APRt → 0+,

while downside pricing sensitivity asymptotically flattens (limAPRt→∞ |∂Pt/∂APRt| =
0) along non-linear nominal price floors.

• Phase III: Contraction Phase (Ωt → 0 Convergence): As sentiment normalizes

toward baseline (APRt → 1), ln(1) = 0 forces Ωt → 0. Prices contract symmetrically

from both directions—collapsing down from overvalued bubbles (Ωt > 0) or rebounding

up from distressed crashes (Ωt < 0)—re-anchoring Pt → Vt.

Empirical Validation Across Historical Case Studies

• Upside Expansion, Exhaustion, and Downward Contraction (Dot-Com Era,

1995–2002): Social contagion compressed risk filters (APRt → 0+), expanding an

extreme positive perception gap (Ωt ≫ 0) (O’Quinn, 2003). Escalating corporate burn

rates in early 2000 exhausted marginal buyers, halting expansion velocity (dΩt/dt → 0)

(Doms, 2004; O’Quinn, 2003). Risk perception inverted (dAPRt/dt > 0), generating

a negative contraction (dΩt/dt < 0) that collapsed the Nasdaq index by 45.1% (from

5,048.62 to 2,770.38) back toward fundamental baseline (Ωt → 0) (O’Quinn, 2003).

• Downside Expansion, Exhaustion, and Upward Contraction (October 1987

/ March 2020 Repo Shock): Systemic panic and primary dealer balance-sheet

constraints drove APRt ≫ 1 under binding structural frictions (k ≫ 1), expand-

ing a deep negative gap (Ωt ≪ 0) where prices detached far below fundamentals
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(Pt ≪ Vt) (Brady Report, 1988; Federal Reserve Board, 2020). Downside price

compression decelerated as pricing sensitivity approached its structural lower floor

(limAPRt→∞ |∂Pt/∂APRt| = 0) (SEC Annual Report, 1987; Kruttli et al., 2021). Exoge-

nous central bank liquidity interventions compressed risk perception (APRt → 1) and

normalized constraints (k → 1), driving a positive contraction velocity (dΩt/dt > 0)

that eliminated the crash discount (Ωt → 0) (Brady Report, 1988; Federal Reserve

Board, 2020).

9.8 Microstructural Amplification via Exponent k

Empirical Proof: Structural constraints—such as dealer balance-sheet capacity, margin

limits, or order-book thinness—exponentially amplify shifts in APRt through the exponent

k ≥ 1. Differentiating the price sensitivity equation with respect to k confirms that higher

institutional friction steepens the pricing curve:

∂2Pt

∂APRt∂k
= −Vt · (APRt)

−(k+1) [1− k · ln(APRt)] (25)

Empirical Validation: During the March 2020 COVID-19 shock, dealer balance sheet

capacity constrained market making (Board of Governors of the Federal Reserve System,

2020; Fleming & Ruela, 2020; U.S. Securities and Exchange Commission, 2020). Empirical

data from the U.S. Treasury repo market shows:

• Bilateral repo haircuts for Treasury basis-trading hedge funds surged by +3.82% (Krut-

tli et al., 2021).

• Total gross notional Treasury hedge fund exposures contracted by -20% within single

reporting windows (Kruttli et al., 2021).

• Financing tenors for basis trades contracted by 9.12 days (Kruttli et al., 2021).

As k exploded due to dealer balance sheet stress, the structural derivative inverted

(∂Pt/∂k < 0 for APRt > 1), converting k into a deflationary accelerator that triggered

discontinuous price drops across U.S. Treasury contracts (Kruttli et al., 2021).
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9.9 Agent-Level Heterogeneity Effects

Empirical Proof: Differentiating clearing price Pt with respect to individual capital allo-

cation Ci,t yields the precise directional impact of agent capital reallocations:

∂Pt

∂Ci,t

= −k ·

(
ϕi,t − APRt∑n

j=1Cj,t

)
· Pt

APRt

(13)

The sign of the price change depends strictly on the agent’s risk perception relative to

consensus:

∂Pt

∂Ci,t

< 0 if ϕi,t > APRt (Agent is more risk-averse than consensus)

> 0 if ϕi,t < APRt (Agent is more complacent than consensus)
(14)

Empirical Validation: In the GameStop event (January 2021), retail account participa-

tion expanded from under 10,000 to nearly 900,000 accounts (U.S. Securities and Exchange

Commission, 2021). Retail option premium volume surged from $58.5 million (Jan 21) to

$2.4 billion (Jan 27) (U.S. Securities and Exchange Commission, 2021). This massive capital

deployment by hyper-complacent agents (ϕi,t < APRt) systematically compressed aggregate

risk perception (APRt → 0+), driving prices upward independent of fundamentals (U.S.

Securities and Exchange Commission, 2021).

9.10 Small-n Fragility

Empirical Proof: The participant density n determines the mathematical inertia of APRt.

Differentiating Pt with respect to n via the continuous boundary aggregation operator yields:

∂Pt

∂n
= −k ·

[
Cn,t · (ϕn,t − APRt)∑n

i=1Ci,t

]
· Pt

APRt

(16)

In large-n regimes, the Law of Large Numbers dilutes idiosyncratic shocks into narrative

equilibria. In small-n regimes, the denominator lacks statistical anchoring. A shift in per-

ception by a single dominant node (Cn,t) causes volatile leaps in APRt and discontinuous

price jumps.

Empirical Validation: On October 19, 1987, institutional sell volume was concentrated

in a tiny active cohort (n ≪ ∞). The top 4 NYSE institutional sellers accounted for $2.85
billion in sell programs (14% of total NYSE volume) (Task Force on Market Mechanisms,

1988). The absence of counterparty belief heterogeneity caused Kyle’s Lambda proxy to

spike from a pre-shock baseline of 0.0959 to a peak of 0.3387, triggering a systemic pricing
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vacuum (Task Force on Market Mechanisms, 1988).

10 Strategic Implementation: Operationalizing the Frame-

work and Tactical Execution

The Aggregate Perceived Risk (APR) model displaces static, additive factor specifications

with a geometric pricing architecture. Operationalizing this framework requires dynamic

proxy selection and optimizing tactical entries via perceptual exhaustion, rejecting perma-

nent empirical indicators vulnerable to alpha decay (McLean & Pontiff, 2016).

10.1 The APR framework eschews static proxies for APRt and k.

Practitioners must pre-select asset- and regime-specific proxies and continuously monitor

them, iteratively updating these metrics to mitigate structural degradation (Arnott et al.,

2016). Accordingly, the illustrative proxies detailed below serve purely as conceptual ex-

amples rather than prescriptive recommendations or reflection of the author’s operational

practice:

• Equities: APRt can be proxied via order-flow imbalances; k via primary dealer repo

spreads (Adrian & Shin, 2010).

• Fixed Income: APRt can be reflected in CDS bases; k via cross-currency basis swaps

(Du & Schreger, 2022).

• Alternative Markets: APRt can be modeled via digital sentiment velocity; k via

exchange margin boundaries (Lehar et al., 2024).

Operationalizing the framework requires mapping the constraint exponent k logarithmi-

cally to reflect diminishing marginal impacts, thereby dampening localized noise and sta-

bilizing the pricing architecture under acute liquidity shocks. Meanwhile, the fundamental

anchor Vt is determined by discounting expected cash flows or asset utility against capital

opportunity costs (Campbell & Shiller, 1988; Cochrane, 2011). Ultimately, treating these

empirical indicators as dynamic, regime-dependent inputs rather than fixed constants miti-

gates factor decay and maintains robustness across shifting market conditions (Arnott et al.,

2016; Lo, 2005).
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10.2 Tactical Entry and Perceptual Exhaustion

Standard value investing ignores the microstructural velocity of price-to-value divergences

(Pt ≫ Vt), exposing capital to premature liquidations (Brunnermeier & Pedersen, 2009).

Optimal execution isolates derivatives of the pricing function signaling structural reversals.

10.2.1 Downside Entry (Liquidity Collapse)

In Regime 6 (APRt > 1, k > 1), nominal price floors dampen sensitivity to panic (∂Pt/∂APRt →
0). Premature accumulation invites non-linear losses; capital is deployed exclusively upon

mathematical inflection:
dAPRt

dt
< 0 and

dk

dt
< 0

10.2.2 Upside Entry (Premium Paradox)

In Regime 5 (0 < APRt < 1, k > 1), structural friction acts as speculative fuel (∂Pt/∂k > 0).

Short exposure is initiated only at absolute complacency (APRt → 0+) upon an upward

velocity inflection (dAPRt/dt > 0), converting microstructural constraints into a downward

price cascade.

11 Conclusion

The Aggregate Perceived Risk (APR) framework unifies quantitative efficiency with behav-

ioral and structural finance via a non-linear, exponential architecture. By replacing addi-

tive asset-pricing mechanics with a multi-variable functional design, the engine endogenizes

volatility clustering, localized anomalies, and liquidity collapses. Its core theoretical contri-

bution is reconciling orderly random walks and catastrophic market breaks within a single

mathematical specification, thereby expanding modern capital market theory.

11.1 Three-Component Architecture

The framework relies on the continuous interaction of three parameters: the fundamental

anchor Vt, the perception denominator APRt, and the structural constraint exponent k.

This architecture integrates objective accounting baselines (Vt), capital-weighted crowd risk

expectations (APRt), and microstructure execution frictions (k) to map non-linear value

transitions.
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11.2 Price as an Executed Social Contract

The model formalizes clearing prices as executed social contracts rather than intrinsic prop-

erties, demonstrating that price discovery exists strictly as a real-time coordination equi-

librium. When margin constraints bind, this contract dissolves, causing prices to adjust

dynamically via transaction mechanics independently of positive fundamentals (Vt > 0).

11.3 Structural Advancement in Pricing Theory

The APR framework eliminates the need for disconnected equations for normal and extreme

states. By using APRt and time-varying exponent k to geometrically magnify shifts in

collective risk comfort, the model endogenously generates heavy-tailed distributions and

pricing vacuums through continuous mathematical functions.

11.4 Academic and Professional Utility

• Academic Innovation: Provides scholars with a tractable apparatus to design em-

pirical sentiment indices, formalize risk-covariation, and test non-linear pricing across

diverse asset classes and decentralized pools.

• Professional Application: Offers risk managers and policymakers an actionable

framework to detect the decay of cross-sectional anomalies, monitor institutional liq-

uidity boundaries, and anticipate systemic tail-risks prior to execution network frac-

ture.

11.5 Future Research Directions

The theoretical design of the APR framework establishes following paths for subsequent

quantitative research:

• Empirical Covariation and Friction Modeling: Testing the real-time correlation

between the perceptual denominator and the structural constraint exponent to map

network friction dynamics.

• Econometric Estimation and Parameter Indexing: Developing methodologies to

isolate structural parameters directly from empirical market data to construct systemic

risk indicators.

• Cross-Asset Institutional Testing: Applying this exponential framework across

complex institutional environments to verify its cross-sectional robustness.
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